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Effect of a Nonconstant Cmoi on the Stability
of Rolling Aircraft

Bijan Davari* and E. V. Laitonet
University of California, Berkeley, Calif.

This is an analytical study of the behavior of modern high-speed aircraft of inertially slender configurations in
maneuvers involving large rates of roll. Inertia cross-coupling, as well as a linear variation of Cma with angle of
attack, are considered. The steady-state solutions of the nonlinear equations of motion, based on principal
inertia axes, are studied to obtain useful information on the response behavior of the state variables during roll
maneuvers. It is shown that, in addition to the critical values of aileron deflection that have been previously
found to limit a steady-state roll with constant Cma, there can be two new critical values introduced by a linear
decrease of I Cma \ with angle of attack. For aileron deflections near these critical values the response of the
aircraft exhibits violent oscillations and dangerous peak loads due to the cross-coupled motion accompanying a
roll maneuver. These critical values define a new range of aileron deflections in which no steady-state roil is
possible.
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Nomenclature
= aspect ratio = b/c
= d z - I X ) / I y
=wingspan
= (Iy-Ix)/Iz
= mean aerodynamic chord
= moments of inertia relative to body axes
= moments of inertia for principal inertia axes in

nondimensional form (Table 1)
= rolling, pitching, and yawing moments
= mass of the aircraft
=m0—2m]ws + w0mI
=-mw(0)/B
= (dmw/dw)/B
= nv/C
= rates of roll, pitch, and yaw
= nondimensionalized forms of P, Q, R (Table 1)
= initial rate of pitch of the principal inertia axis
= wing area
=time,s
=m/(PSV0)
= velocity components along the body axes
= forward speed of the aircraft
= K/K0, angle of sideslip of the principal inertia

axis
=W/V0, angle of attack of the principal inertia

axis
= initial angle of attack of the principal inertia

axis
= components of the aerodynamic force along the

body axes
= deflection angles (in rad) of the elevator,

aileron, and rudder
—ml (pSb/2 ) , nondimensionalized mass

(Table 1)
^constant aileron deflection and its critical

values
= air density
= nondimensionalized time (aero-seconds)

Operators
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= (d/dr)
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Subscripts
s = steady-state

I. Introduction

THE design of modern high-speed aircraft has been
associated both with a larger concentration of mass in the

fuselage and with smaller wing aspect ratios than in more
conventional configurations. When this type of aircraft
(termed "inertially slender" by Pinsker5) is required to roll
rapidly at moderate or high angles of attack, it experiences
undesirable response characteristics that cannot be predicted
by linear theory. For these roll maneuvers the equations of
motion of an inertially slender aircraft can no longer be
separated into two independent sets of longitudinal and
lateral linear differential equations. Inertia cross-coupling
also introduces nonlinearities into the equations of motion,
thus leading to at least five nonlinear ordinary differential
equations.

Recently the need has arisen to study the behavior of these
equations analytically in order to determine the major
characteristics of the response to control inputs, and to derive
simple stability criteria that would be useful at the design
stage. To achieve this goal the complicated equations of
motion must be considerably simplified before analysis to
provide a better physical understanding of the problem.

The first analytical study of rapidly rolling aircraft was
given by Phillips1 in 1948 when he studied the stability of an
inertially slender aircraft rolling with a constant rate of roll.
In his simple 4-degree-of-freedom analysis Phillips found the
critical values of the roll rate at which the aircraft motion
becomes unstable. Although Phillips' analysis was the first to
explain the crucial effects of inertia cross-coupling, it failed to
provide an order-of-magnitude estimate of the state variables
in a cross-coupled rolling maneuver. Pinsker2"6 showed,
through simplified physical reasoning, that a fast-rolling
slender aircraft, at moderate angles of attack, rolls about its
longitudinal principal inertia axis. The resulting rolling
oscillation is quite distinct from typical lateral modes of
motion in conventional configurations. He also showed that
under certain circumstances an aircraft with these extreme
configurations may attain a sustained rolling motion called
autorotation.
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Several other authors7"10 have studied this problem and
Walsh,7 by analyzing the possible steady states of the 5-
degree-of-freedom equations of motion, showed that the
longitudinal and lateral static stability derivatives have
substantial effects on the steady-state values of the state
variables during a rolling maneuver involving large rates of
roll.

Since large values of angle of attack are reached during this
type of maneuver, and since Cmoi can then vary considerably
with the angle of attack, it is logical to allow the variation of
Cma with a. and use the method proposed by Walsh7 to study
the steady-state solutions.

II. Equations of Motion
The studies of Phillips l and Pinsker2"6 on the inertia cross-

coupling during rolling maneuvers showed that one should
use the principal axes through the center of gravity of the
aircraft, and one could assume that the forward velocity V0
remained constant and much larger than the sideslip velocity
produced by the maneuver. Next, Thomas and Price8 and
Walsh7 compared the orders of magnitude of the various
terms left in the nonlinear equations of motion for a typical
inertially slender aircraft and, by retaining only those terms
necessary for a study of a response to a rolling maneuver,
obtained the following:

Dv—

(1)

The divisors used to nondimensionalize all of the terms in Eq.
(1) are presented in Tables 1 and 2, which also indicates the
equivalent NASA notation.

Using the data given by NASA11'14 on a high-speed iner-
tially slender aircraft it can be verified that these equations are
satisfactory for analyzing high-speed roll maneuvers.
However, the simplified Eq. (1) ceases to be valid whenever
any of the following occur: 1) mw or nv become very small, a
condition that can occur at very high angles of attack; or 2) p

becomes so small that the approximations involved in
developing the preceding equations become invalid.

It is expected that these five nonlinear and coupled ordinary
differential equations will give conservative results with
respect to the stability of the motion, since the damping terms
nr and mq have been neglected. With these simplifications
these equations are now suitable for an analytical study of the
steady-state solutions.

III. Study of the Possible Steady States
A number of important features of the dynamic response of

an inertially slender aircraft in a rolling maneuver can be
explained by the steady-state solutions. For example, the
analysis of the steady-state solutions of the simplified
equations of motion gives a first approximation to the critical
rates of roll and the critical values of the initial angle of at-
tack, at which the solution exhibits either divergence or a
sudden jump from one steady state to another.

Phillips1 constant-rate-of-roll analysis showed that the
magnitudes of the longitudinal and lateral static stabilities
had a direct bearing on the critical rates of roll. Walsh7 found
that aileron angles which produced rates of roll near the
natural frequencies of the nonrolling aircraft resulted in
undesirably large magnitudes of the sideslip, angle of attack,
and rate of pitch, thus implying excessive accelerations and
undesirable load peaks.

On the other hand, the longitudinal and lateral static
stabilities (that is, Cma and Cn&) diminish in magnitude as the
angle of attack increases. Since inertia cross-coupled motions
are frequently associated with large variations in the angle of
attack, the most logical extension to the analysis is to include
the variations of Cma and CWj8 in Eq. (1).

Unlike all previous analyses, l~l° which assumed constant
values for all stability derivatives, Cma (i.e., mw according to
our notation) will now be assumed to vary with angle of at-
tack. The analytical method proposed by Walsh7 will then be
used to study the characteristics of the steady states of the
motion resulting from a constant aileron deflection.
However, in order to be able to handle the equations
analytically, only a linear variation of Cma with the angle of
attack will be assumed. The equations of motion now can be
written as

Dv=pw—r

Dw=

Table 1 The nondimensional system

Dimensional quantity Divisor
/ t*=m/(PSV0)
m pS(b/2)

P,Q,R (PSV0)/m = l/t*
Ixjyjz m(b/2)2

Nondimensional quantity
T

P>q,r

Table 2 Stability derivatives and their relations to
NASA notations3

NASA notations15

clp,clr
CIQ,CI 50, C/ 5rcmqcmoi,cmbec c^ np> ^" nr
Cnft'Cn 8a>Cn dr
C Cyp> yr
C1 C1 C1 C1

y$' y,ba> Za> *-* Z,be

Divisors

ix
/ //x
A2iy

A2iy/iJi
iz

iz'P
2fJL

2

As used in this paper

lp>lr
'y»^»'f
mq
mw,mr]
np,nr

nv,n£,rif
yp>yry^y^Zn

Should be evaluated relative to principal inertia axes before using them in the
results of this paper. Example: lv = y

w(w-w0)

Dr=-Cpq + nvv (2)

where w0 is the initial angle of attack of the principal inertia
axis,

0 (r<0)

0->0)

mw=mw(Q) + (dmw/dw)w, and the initial values of the other
state variables are assumed to be zero.

Since the right-hand sides in Eq. (2) are all continuously
differentiable functions of the state variables, the steady-state
relations are given by
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Bpsrs + (mw)s(ws-w0)=0

(3)

where

The above equations lead to:

(dmw/3w)ws

2_
Ps ~

(m0-mjws)(ws-w0)

(Pl-n)

nzw(ws-w0)

(4)

(5)

(6)

(7)

(8)

where the constants

m0=-mw(0)/B, m] = (dmw/dw)/B, n = nv/C

are assumed positive, which is usually the case.
The graphical method used in this study consists of plotting

the curves of vs, ps, qs, rs, and £0 versus ws. Then, for a given
value of £0, it is possible to find the corresponding steady-
state values of the angle of attack, ws (if they exist). These
values of ws yield, from Eqs. (4)-(7), the steady-state values
of other state variables (that is ps, qs, rs, and vs). It has been
customary to consider the curve £0 versus ps also, since this
gives more physical and practical insight of the nature and
consequences of the problem in hand, as shown by Walsh.7

Figures 1 and 2 show the positive steady-state roll (p>0)
produced by a negative aileron deflection (£0<0), and the
corresponding steady-state angle of attack (w 5 ) , during
autorotation in roll for both a constant Cma(m] =0) and a
linearly decreasing \Cma \ (ml >0). Figure 1 is for a positive
initial angle of attack (w0 = 0.1 rad), and Fig. 2 is for a
negative initial angle of attack (w0=-0.05 rad) for the
inertially slender aircraft defined in Table 3. The dotted lines
(ml =0) are similar to Walsh's7 solution since they are both
for constant Cma.

IV. Critical Values of Aileron Deflections
In Fig. 1 for w0=0.1 it is seen that if \Cma\ decreases

linearly (ml >0) then one can obtain at most only two steady-
state solutions; and there is a finite range of aileron deflec-
tions which has no steady-state solution. This critical range is
due to the linear decrease of I Cma I with angle of attack and is
not present in the constant Cma analysis of Walsh7 or Thomas
and Price.8

The aileron deflections for which no steady-state solution is
possible are situated in the interval £ c . /<£o<£ c 2 , where £c7
and £c2 are the minimum and the maximum of the curve
— £ 0 ( W 5 ) » respectively. These extrema points are given by
w5 = wc] and ws = wc2, respectively, where the latter are those
solutions of d£/dw5 =0 for which the right-hand side of Eq.
(4) becomes positive. These critical values of aileron
deflection depend on w0, m0f m]f n, and other aircraft
parameters. They are seen to be associated with very large
oscillations in all state variables with regard to the solutions
of Eq. (2). The response to the application of an aileron
deflection whose value is in the interval [£c/, £c2] grows in-
definitely because there is no steady-state solution possible for
£0 in that interval. The existence of these critical values of
aileron deflection is a result (and perhaps the most important

consequence) of the fact that the variation of Cma with angle
of attack is considered here. In the case of mj =0 (constant
Cma) this phenomenon was absent. Notice that this critical
interval may contain those aileron deflections which resulted
in stable response when Cma was assumed constant. This
divergence is clearly shown in the response of Fig. 3 when
ml >0. The value £0 = -0.25 in these calculations results in a
stable response for constant Cma (ra/=0), whereas the
response for the case of a decreasing I Cma I starts diverging at
an angle of attack well below that for which Cma becomes
zero. [This occurs at r~2.5 (aeroseconds), while Cmoi is still
negative.] See also Fig. la, comparing the dashed lines
(Cma = const.) with the solid lines ( I Cma I decreasing with a).

V. Stability of the Possible Steady States
For an aileron deflection near critical, the solution to the

simplified Eq. (2) exhibits large variations in all state
variables. This is due to the proximity of an unstable
equilibrium point to a stable one, thus leading to limit-cycle-
type oscillations. The jump from one equilibrium point to
another results in excessive accelerations, unacceptable to
both the pilot and the aircraft.

The analysis of the stability in the large of the possible
steady states is obviously prohibitive, both because of the
nonlinearities introduced and because of the 5 degrees-of-
freedom considered. Therefore, only stability in the small of
the equations of motion Eq. (2), linearized around a steady
state, is considered. The linearized equations of motion read

where

and

DX=AX

X'= (dv,dw,5p,dq,dr)

(9)

A =

and where

0

-Ps

lv

0

Ps

zw

0

-Bm'

0

Brs

0

1

0

0

~Cqs -Cps

-1

0

0

Bps

0

' =m0— 2m}ws

The characteristic equation of this linearized system is given
by

det(\I-A)=0

which yields the following 5th-degree polynomial equation

\5+E4\4+E3\3+E2\2+E1\ + E0 = 0 (10)

where

E3 = - /yiv5+ BCp2
s+p2

s+Bm' + Cn + lpzw

E2 — lv (Ps vs + zw w5 — Cqs) — BCzwp2
s — Cnzw

- lp (BCp2
s +p2

s + Bm' + Cn)

Ej = -lv (Bpsrs + BCwsp2
s + Bwsm' +BCpsrs -Czwqs)

+ BC(p2-m')(p2-n)+Clpzw(Bp2-
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Fig. 1 Steady positive rates of roll for
a positive initial angle of attack

Fig. 2 Steady positive rates of
roll for a negative initial angle of
attack (w>0= -0.05).

E0 = BC[lv[ (p2
s -m') (qs + psvs) + zw (wsp2

s + rsps)}

Complete stability analysis of the system, represented by
the characteristic Eq. (10), requires the investigation of the
signs of the Routh's test functions. The necessary and suf-
ficient condition for the linear system to be asymptotically
stable is that all the Routh's test functions be strictly positive.
Obviously an analytical investigation of the signs of all the
Routh's test functions is prohibitive in the general case
because of the complexity of the above expressions. For-
tunately, however, in almost all cases of practical interest,
investigation of the sign of E0 alone will be enough to provide
useful information on the stability of the linearized Eq. (9).

Replacing vs, ps, qs, and rs in the expression of E0 by their
relations as functions of vv5, from Eqs. (4-7), and after some
manipulations it can be shown that

E0^0 whenever ps - —— $ 0

It results from the above condition that, for /?5>0, the
portions of the curve — £0(ws) tnat nave negative slope
correspond to the unstable equilibrium states and that almost
all parts of that curve with positive slopes correspond to the
stable equilibrium states. Therefore, the extrema of the curve
— £0 ( w 5 ) , that is £c/ and £c2, are the critical values of aileron
deflection, corresponding also to the critical rates of roll.

VI. Conclusions
An analytical method has been discussed to study the

response behavior of inertially slender aircraft to aileron
deflections that produce large rates of roll. These maneuvers,
being associated with a coupling between longitudinal and
lateral motions of the aircraft, require the study of at least
five coupled nonlinear ordinary differential equations.

The variation of the static longitudinal stability Cma with
the angle of attack is seen to introduce new phenomena in the
response of the aircraft in roll. The most important of these is
the existence of two critical aileron angles at which the
responses exhibit large oscillations. These critical aileron
values are in addition to those that produced unstable rates of
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Table 3 Flight conditions and aircraft parameters for inertially slender aircraft

Flight conditions
Altitude
Vo
Machno.
>/2PV2

0

= 30,000 ft (9 144m)
= 700 ft/s (213.36 m/s)
-0.7
= 217.9 lb/ft2 (10430 N/m2)

Working coefficients (cont.)
'*
(y
lz
B
C
f*

= 0.03
= 0.19
= 0.22
= 0.96
= 0.727
= 2.75

Aircraft characteristics
= 1544 slugs (22,530 kg)
= 525 f t 2 (48.77m2)
= 63 ft (19.20m)
= 9 ft (2.743m)
= 53,000slug-ft2 (71,860kg-m2)
= 300,000 slug-ft2 (406,800 kg-m 2)

Stability derivatives
m
S
b

yv

Iz = 340,000 slug-ft
Working coefficients

H =105.7
A = 7.

(461,000 kg-m2)

= -0.4
= -2.25
= -370
= -6.
= -340
= 25.
= -96.
= 36.

aThe numerical examples chosen in this report correspond to the data on a modern supersonic
slender-body aircraft provided by NASA.{ ~14 The flight conditions and the aircraft parameters
considered are as given in the above table.
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Fig. 3 Response to aileron deflection %0 - - 0.25 with initial angle of
attack H>0 = 0.1: (—-), nij = 0; (————), m/ = 200.

roll in the constant Cma analysis. All values of the aileron
deflections between these two critical points produce a
divergence in the response of the aircraft.

The graphical method discussed in the present paper
provides some quantitative information on the behavior of
the state variables during steady-state motion, as well as the
stability of these steady states. It has been shown that the
constant term E0, of the characteristic Eq. (10), changes
sign at the extrema points of the curve £ 0 (w 5 ) or
£ 0 ( p s ) . This clearly leads to simple criteria regarding the
stability of the aircraft response to a certain aileron deflec-
tion.

A study of the steady-state plots also confirms the
following:

1) Aileron effectiveness is considerably reduced at high roll
rates and at high angles of attack.

2) The behavior of the aircraft of inertially slender con-
figurations maneuvering at high roll rates depends largely on
the initial angle of attack of the principal inertia axis.

The same method used to show the effect of a linear
decrease in I Cma I with angle of attack in Eq. (4) and Figs. 1
and 2, with m / > 0 , can be used to show the effect of a
decrease in Cn$ with the yaw angle. This should also show
undesirable response behaviors for inertially slender aircraft
as the initial side-slip velocity ( v 0 ) is increased. The response
to a rolling pullout maneuver could also be investigated by
including an initial pitching velocity ( q 0 ) in Eq. (2).
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